A new approach is developed to evaluate contribution of the electron-electron correlations into bremsstrahlung from few-electron ions and atoms. Our approach is based on the explicit formula for the electron density distribution in such systems. We derive the closed analytical formula for the matrix elements which are needed for highly accurate computations of atomic form-factors of two-electron atoms and ions. We also discuss the energy loss due to bremsstrahlung in a plasma which contains multi-charged ions and free electrons. Bremsstrahlung from a high-temperature plasma is considered as well as its role in the high-temperature burn-up of deuterium plasma.
I. INTRODUCTION
As is well known electron-electron correlations in atoms and ions contribute to many bound state properties of these systems. Recently, it appears that such correlations also affect a number of properties of atoms and ions, including the influence of contributions from unbound atomic states. In particular, in this study we consider the braking radiation (or bremsstrahlung) emitted by a fast electron when it is slowed down, or even stoped, by a few electron ion/atom. In general, this process is represented by the equation [1] :
A q+ + e − = A q+ + e − +hω, where the notation A q+ stands for a multi-charged (atomic) ion which has a positive electric charge q+, while the notations e − andhω designate the fast electron and emitted photon, respectively. It appears that the bremsstrahlung crosssection and corresponding energy loss explicitly and substantially depend upon the electronelectron correlations in the incident ions/atom. Our goal in this short study is to investigate this effect and its role for accurate evaluations of the cross-section and energy loss due to bremsstrahlung in few-electron ions/atoms. Below, we apply the relativistic units in which In this study the braking radiation emitted during a Coulomb collision of a fast electron with the positively charged atomic nuclues is designated by the German word 'bremsstrahlung' [1] . Bremsstrahlung has been analyzed with the methods from Classical Electrodynamics and later from Quantum Electrodynamics (see, e.g., [3] , [4] and references therein). The goal of the QED analysis was to derive the closed analytical formula(s) for the bremsstrahlung cross-section as a function of the photon frequency ω and electron's 'quantum numbers'. For a 'free' electron a set of 'good (or 'convenient') quantum numbers includes the kinetic energy E k and the vector of momemtum p k , where k = i for the incident electron and k = f for the final electron. In actual experiments to measure bremsstrahlung intensity it is very hard to measure angular correlations between directions of propagation of the incident/final electron and emitted photon. Therefore, for quantum numbers it is better to use the kinetic energy of the electron E k and absolute value of its momemtum p k =| p k | (scalar). Below, we shall assume that we have an electron with the incident quantum num-bers (E 1 , p 1 ) which emits one photonhω = ω. The final quantum numbers of the electron are (E 2 , p 2 ). In this notation the well known formula for the bremsstrahlung cross-section obtained from direct analytical QED calculations performed in the Born approximation takes the form (see, e.g., [1] , [3] , [4] )
. This means that by determining the scattering amplitude of elastic scattering in the Born approximation one also finds the factor which is needed for calculation of the differential cross-section of bremsstrahlung dσ dω in the ultra-relativistic limit.
Note that each of the formulas Eq. (1) and Eqs. (3) - (4) contains the form-factor F (q) defined in Eq.(2). For many few-electron ions the overall contribution of the form-factor is relatively small and rapidly decreases when the nuclear charge Q grows. Moreover, for such atomic systems the electron density n e (r) can be considered (to very high accuracy)
as a spherically symmetric function. This corresponds to the actual physical picture of bremsstrahlung as a braking radiation emitted during Coulomb interaction between a fast electron and atomic nucleus. The role of atomic electrons is an electrical screening of the central nucleus. In general, atomic form-factors for different atoms/ions can be determined to high accuracy by using computational methods of modern atomic physics. Derivation of the analytical formulas and numerical calculations of the form-factors for several different few-electron ions and atoms is one of the goals of this study.
II. FORMULAS FOR THE FORM-FACTOR IN FEW-ELECTRON IONS
As follows from the formulas given in the Introduction to determine the bremsstrahlung cross-sections for actual few-electron ions/atoms one needs to evaluate the atomic formfactor F (q), Eq.(2). In this Section we derive closed analytical expressions for this quantity in different few-electron ions/atoms. For one-electron atomic systems we can use hydrogenic wave functions. This drastically simplifies all calculations of the atomic form-factor for different bound states, i.e. states with the different values of the angular momentum L and the principal quantum number n. To simplify the problem let us consider the ground, doublet 1 2 S−state in hydrogen-like, one-electron ions with nuclear charge Q. In this case the form-factor F (q) is
where we used the formula Eq.(3.944.5) from [7] . This formula can easily be generalized to the case of two-electron ions/atoms, if it is possible to neglect the electron-electron correlations in such systems. In the lowest order approximation such a generalization can be achieved with the substitution Q → Q − 5 16 in the formula, Eq.(6). The atomic form factor changes correspondingly. However, the first term in the [Q − F (q)] 2 expression, i.e. the electric charge of the nucleus Q, which can be found in each of Eq. (1) and Eqs. (3) - (4) does not change, since Q is the actual nuclear charge in the ions. These arguments lead to the following approximate formula for two-electron multi-charged ions
where N e = 2 is the total number of bound electrons. These calculations are simple and straighforward. However, analogous computations with the use of the truly correlated wave functions for few-electron ions/atoms become significantly more complicated.
For relative simplicity, let us consider the truly correlated wave functions of two-electron atoms/ions. Such wave functions can be represented in terms of the different variational expansions. One of the most effective and accurate expansion is the exponential variational expansion written in relative/perimetric coordinates. For the ground 1 1 S−states this expansion takes the form (see, e.g., [8] and [9] )
The expansion, Eq. (8) An analytical formula for the form-factor F (q) derived with the use of the exponential variational expansion takes the following form 
and (2) for r 32 ≤ r 31 J = r 32 +r 31
These two integrals I and J are the functions of the two variables r 32 + r 31 and |r 32 − r 31 |.
By performing integration over the r 31 relative coordinate one obtains the explicit formula for the form-factor F (q) as a quantity which depends upon the r = r 32 radial variable (or electron-nucleus distance r eN ). In some cases the knowledge of this dependence is crucial to understand the nature of the physical problem.
However, if we need to know only the absolute value of the form-factor F (q), then it is possible to use another approach to its calculation. In this case instead of three relative interparticle coordinates r 32 , r 31 and r 21 we can introduce three perimetric coordinates
(r ki + r kj − r ij ), r ab = r ba and (i, j, k) = (1, 2, 3) [8] . The inverse relation take the form r ab = u a + u b . The three perimetric coordinates generally are independent of each other, non-negative and each of them varies between 0 and +∞. As follows from these properties, three perimetric coordinates form a very convenient set of variables in order to calculate arbitrary three-particle integrals. Let us apply perimetric coordinates to determine the atomic form-factors of the different two-electron ions/atoms. First, consider the integral between j 0 (qr 32 ) and i and j exponential basis functions. In relative coordinates
we can write
where the factor j 0 (qr r 2 ) = sin(qr 32 ) qr 32
is the spherical Bessel function of zero order. In perimetric coordinates this integral takes the form
where
The factor 2 in this formula is the Jacobian of the transformation (r 32 , r 31 , r 21 ) → (u 3 , u 2 , u 1 ). As follows from Eq.(13), calculation of the integral I is reduced to the analytical computation of eight integrals, where each of the contributing integrals is the product of three one-dimensional integrals. For instance, the first contributing integral is
while the last integral I 8 is
The final formula for the (ij)-matrix element of the form-factor F (q) is
It is clear that this formula is a regular function of q (i.e., it contains no singularities) and is numerically stable for arbitrary q. The formula, Eq.(16), for matrix elements is similar to our formulas derived in [10] for the matrix elements involving spherical Bessel functions which have been obtained with the use of the same approach. Results of highly accurate numerical calculations of some atomic form-factors can be found in Tables I and II ( Table III ). On the other hand, for the weakly-bound H − ion all substantial changes of the form-factor are located in this area of q variations. The same is true for the form-factor of the neutral He atom.
The third approach for determining the form-factor F (q) is based on the following approximate formula known from atomic physics (see, e.g., [11] ):
where we have assumed that the electron density distribution is spherically symmetric. At large values of q the integrand in the right-hand side of Eq. (17) is a fast oscillating function.
Therefore, the range of large values of the qr variable does not contribute to the form-factor F (q). For small qr values (qr ≤ qa 0 , where a 0 is the Bohr radius) we can write
Assuming that the electron density n e (r) is normalized to the number of bound electrons N e we can write
where r = r eN is the electron-nucleus distance (scalar coordinate). In the last formula we also eliminated the factor 4π which is compensated by the corresponding factors from angular parts of the wave functions, or electron density distribution. This means that numerical computations of form-factors for few-electrons atoms and ions are reduced to accurate calculations of the r 2k eN expectation values for k = 1, 2, 3, . . .. In reality, for twoelectron ions/atoms it is possible to evaluate atomic form-factors by using a finite number of terms, e.g., three, or four terms, in Eq. (19) , since in this case for relatively small q(≤ 1) the series, Eq.(19), converges very fast. Some of the r 2k eN expectation values determined for a few two-electron ions/atoms (in atomic units) can be found in Table III . Accurate computations of the atomic form-factors for three-and four-electron atoms/ions can be perfomed analogously. Details of such calculations and analogous computations of the formfactors for three-and four-electron ions/atoms will be discussed in future studies.
III. ENERGY LOSS DUE TO BREMSSTRAHLUNG
The improtance of the derivatives dσ dω of the bremsstrahlung cross-section defined by Eq. (1) and Eqs. (3) - (4) follows from the fact that these values are directly related to the radiative energy loss, or, in other words, to the energy loss due to bremsstrahlung. Indeed, let us assume that a fast electron with the incident quantum numbers (E 1 , p 1 ) moves through matter which contains N i ions/atoms per cm 3 . Such an electron emits a photonhω = ω and becomes the final electron with quantum numbers (E 2 , p 2 ). The average energy loss due to bremsstrahlung per cm of electron path x is given by
where the value dσ dω is the differential cross-section of bremsstrahlung defined in the Introduction. The radiative cross-section σ r defines the total radiative losses related to bremsstrahlung. It is interesting to note that this formula can be applied to a large number of actual systems, e.g., to evaluate radiative loss in hot plasmas and evaluate an additional heating in nuclear reactors which contain substantial amounts of fast decaying β − isotopes.
In fact, our original interest in this problem was related to numerical evaluation of the energy loss due to bremsstrahlung in a sample containing a large number of β − decaying nuclei.
In an actual fuel rod which has been taken from a working nuclear reactor 1 cm 
where the function L(x) = −dilog(x+1) = 
At small x we have L(x) = x − 
2 . In this case the radiative cross-section does not depend explicitly upon the energy of the incident electron E 1 . At large energies of the incident electron, when E 1 ≫ m, the analogous formula for multicharged ions is written in the form
. For neutral atoms one needs to apply a different formula, since in this case the bremsstrahlung cross-section converges to the constant limit when E 1 → ∞ and does not include any term which logarithmically diverges at large energies.
Actual high-temperature plasma consists of multicharged ions and free electrons. Therefore, a number of other processes also contribute to the energy losses in actual experimental systems. The most important of such processes is the non-eleastic electron scattering by atoms and positively charged ions. Another process is electron-electron scattering which leads to energy loss of the fast electron and accelerations of many 'secondary' electrons, or δ−electrons. A third process is the Compton scattering of photons by free electrons with the emission of different photons. In the first order this later process is strictly prohibited in QED, but in the second order it is possible. All these processes which compete with the bremsstrahlung have been analyzed in the literature. The energy loss (per unit length of the trajectory) of the fast electron during its non-elastic collisions with atoms/ions can be evaluated from the following approximate formula [14] :
mc 2 is the electron's γ−factor, N is the number of ions/atoms per cm 3 and I ≈ 13.605 eV is the 'atomic' ionization potential. The ratio R of the − , where A(≈ 1600) is a numerical constant which is chosen to produce the best fits for known experimental data.
Consider now the process of electron-electron scattering which leads to the formation of the secondary accelerated electrons. Let us designate by ∆ the dimensionless ratio of the energy transfered by the fast electron to the secondary electron, i.e.,
, which was originally at rest, to the kinetic energy of the fast electron E 1 − mc 2 = E 1 − m.
With this notation we can write the following formula for the differential cross-section of the electron-electron scattering (see, e.g., [4] )
where β = 
where ω 2 =hω 2 is the energy of the secondary photon, while the parameters of the incident and final electrons κ 1 and κ 2 equal the products of the electron and photon 4-vectors, i.e.,
m 2 , respectively. As follows from the energy conservation law(s) for the Compton scattering, the same parameters κ 1 and κ 2 can be written in the forms: 
or in other words:
where v 1 and E 1 are the velocity and energy of the incident electron, ω 1 and ω 2 are the frequencies of the incident and secondary photons, while θ 1 and θ 2 designate the angles between vectors p 1 and k 1 and vectors p 1 and k 2 , respectively. Analogously, the angle θ is the angle between k 1 and k 2 . More details about such calculations can be found, e.g., in Section 3.7 of [3] . Note that in high-temperature plasmas the Compton scattering of photons by fast electrons is one of the leading channels of energy loss. This process is always competing with the high-temperature bremsstrahlung.
A. Bremsstrahlung from high-temperature plasma
Bremsstrahlung from hot plasma with temperatures T ≈ 7 -15 keV is of great interest for actual applications mainly related to nuclear fusion. In general, such a plasma can be considered as a system at local thermal equilibrium. Therefore, we can investigate this by using a set of additional equations which follow from conditions of thermal equilibrium and allow us to obtain a number of relations between different properties of radiating plasma. In this case we can introduce separate temperatures for each plasma component, i.e. for ions T i ,
electrons T e and radiation T r . To simplify the description of bremsstrahlung and/or Compton scattering below we consider a two component plasma which contains only electrons and radiation with temperatures T e and T r . It is clear that a hot plasma of light elements Q ≤ 3 with temperatures T ≈ 7 -15 keV contains only electrons and bare atomic nuclei. For such a plasma only bremsstrahlung and/or Compton scattering of electrons are important channels of energy loss. Without an extensive discussion of energy balance in fusion-related plasmas we just present the explicit formula for the coefficient A er which determines the energy transfer rate (or temperature transfer rate) betweeen electrons and radiation in a hightemperature plasma which is assumed to be at local thermal equilibrium. If T e and T r are the radiation and electron temperatures of the plasma, then we can write
where 15] , and the overall bremsstrahlung rate ν b is
where N A = 6.02214179·10 23 is the Avogadro number, σ is the Stephan-Boltzmann constant, c is the speed of light in vacuum, m e and e are the electron mass and electric charge of the electron, respectively, while k is the Boltzmann constant and G(x) is the following function
where f (ξ) is the function
The formula, Eq.(27), determines the 'pure' bremsstrahlung rate for T r < T e and inverse bremsstrahlung rate, if T e < T r . The Compton scattering rate ν C is [15] 
Note that the product of the Boltzmann constant and Avogadro number equals the universal gas constant R, i.e. kN A = R.
These formulas can be used to determine a heat propagation in the light-element plasma from an initial (hot) area into new (cold) areas of the plasma. In general, if energy losses during such a heat propagation into cold areas are over-compensated by the energy release from thermonuclear reactions, then this plasma ignites, or burns-up. In actual application the high-temperature burn-up of deuterium plasmas which contain significant amounts of deuterium and tritium nuclei and which can also be mixed with some amounts of the 4 He and 6 Li nuclei, is of great interest. Moreover, it is clear that the burn-up in high-temperature plasma will be optimal if the nuclear fusion reactions start in one very small spatial area (or 'point') and propagate from this hot point to other areas occupied by the cold thermonuclear fuel. 
where C is the specific heat per unit mass of the fuel, r f (t) is the radius of the hot zone (also called the combustion zone), x = ρ 0 r f is the burn-up parameter and dx
where V max is the speed of burn wave propagation (at givien ρ 0 and T ), or velocity of the hot zone expansion. The notation Q(x, ρ, T ) in Eq.(31) stands for the energy release function which depends upon chemical composition of the fuel, burn-up parameter x and density ρ.
In actual high-temperature plasmas the burning wave can propagate in a few different ways, e.g., by compressing initially cold fuel by a very strong shock wave (or by a consequence of such waves), or by high-temperature heat conduction. The first way corresponds to the hightemperature detonation [17] , while the second way represents a high-temperature electron heat wave. In some plasmas at certain conditions a few other ways of heat propagation are also possible, e.g., by fast α−particles (or other electrically charged fast particles) formed in nuclear fusion reactions and/or fast neutrons which are often formed in such reactions.
Below, we consider only actual plasmas in which propagation of the hot zone proceeeds by high-temperature detonation and/or high-temperature thermal conductivity. )
is that protion of the energy which neutrons are leaving in a sphecial ball of radius r located inside of the equimolar DT-plasma with density ρ. The first term in Eq. (32) is the product of the fusion reaction cross-section and velocity of the colliding nuclei (σv) averaged over Boltzmann energy distribution. For the (d, t)−nuclear reaction this (first) term is very large, since the energy realease from this reaction is huge and it has a very large resonance at T ≈ 107 keV . For a pure deuterium plasma, the analogous term is substantially smaller (59 -78 times smaller depending on temperature). The explicit formula of the first term in Eq.(32) for the (d, d)−reaction can be found, e.g., in [19] . Therefore, for pure deuterium plasmas the second term in Eq.(32) becomes important. Breifly, the second term represents energy loss from the reaction (hot) zone due to flux of high-temperature radiation. This term is often called the bremsstrahlung (negative) contribution. In earlier astrophysical studies performed 70 -75 years ago for hydrogen plasmas this term was written in the form −31 √ T . However, such a form for the bremsstrahlung term in Eq.(32) leads to a uniform conclusion that ignition of the deuterium plasmas in finite volumes with spatial radius less than 1 meter is not possible. Formally, thermonuclear ignition is possible when spatial radius of the ball of deuterium plasma exceeds 800 meters, but it is absolutely nonrealistic in applications. After extensive reasearch of deuterium plasmas it became clear that all radiation quanta emitted from the hot zone due to high-temperature bremsstrahlung cannot reach the bondaries of the hot zone. This means that some part of these quanta is absorbed in this hot zone. In general, the number of absorbed quanta is directly proportional to the density ρ of the plasma and burn-up parameter x. The factor 1 + 1.1 · √ xρ · T 
IV. CONCLUSION
We developed an approach which can be used to evaluate contributions of the electronelectron correlations into bremsstrahlung cross-section and corresponding energy loss for few-electron ions and atoms. The crucial part of accurate atomic calculatons is to determine the form-factors F (q) of the incident few-electron ions/atoms, i.e. the Fourier-transform of the one-electron density distribution. In the central field approximation (which is very good for these problems) actual computations are reduced to the accurate computation of a few one-dimensional integrals. Such computations have been performed for all two-electron ions/atoms (He -Ni 26+ ) yielding the closed analytical expression for all matrix elements which are needed to determine atomic form-factors of all two-electron atoms and ions to very high accuracy within a central field approximation in which the electron distribution density is considered to be a spherically symmetric. There is a possibility to generalize our approach to three-and four-electron atoms/ions and even to the case of atoms/ions with arbitrary number of bound electrons. We also discuss the energy loss due to bremsstrahlung from high-temperature plasmas which contain multi-charged ions and free electrons. It is shown that screening of bremsstrahlung in high-temperature plasma plays a central role in the burn-up of high-temperature deuterium plasmas. upon the total number of basis functions used. Atomic nucleus is assumed to be infinitely heavy. 
